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GROUP AND MOORE-PENROSE 
INVERTIBILITY OF HANKEL AND TOEPLITZ MATRICES 
by M. C. GOUVEIA14 
Zntroduction 
Inversion of Hankel and Toeplitz matrices arises in many applied prob- 
lems in algebra, numerical and functional analysis, probability theory, system 
theory, etc. In this synopsis we present some methods of characterizing the 
group and Moore-Penrose inverses of Hankel and Toeplitz matrices. The 
results were obtained using the theory of such matrices together with the 
theory of generalized inverses. 
We refer to [6] and [8] for the notation and theory of Hankel and Toeplitz 
matrices, and to [2] and [lo] for the notation and theory of generalized 
inverses. 
Details and proofs will appear in the submitted paper [4]. 
1. 
Let %I,” be a Hankel matrix over a field F with characteristic (r, k). 
The theorem of Frobenius (see [8]) can be extended to nonsquare Hankel 
matrices, so that we can state that there exist matrices X,Y and Hankel 
matrices H, n, Hl,,, H,,, such that 
is a full-rank factorization. 
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With respect to any involution * on the matrices over F 
I, * I I[ XY x 0 I, 0 
are invertible. In that case, 
0 
Y 
'k 
H * r,n 
H k.n I 
-1 
It follows from Theorem 1 in [12] that if m = n, the group inverse Hz 
exists iff 
is invertible. In that case, 
2. 
Let H, be a square Hankel matrix over a field F. Fiedler proved [3] 
that H, equals the sum of a proper Hankel matrix HP and a degenerate 
Hankel matrix H,. It also follows from the results in [3] that there exist 
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von Neumann regular inverses H~ll, Hg) of H p and H D respectively such 
that H~l) + Hg) is a von Neumann regular inverse H~l) of Hn. 
We now use the following lemma, which is a special case of the lemma 
in [7]: 
LEMMA. If 5 is an r-by-r von Neumann regular symmetric matrix with 
respect to an involution * on the matrices over a ring, then Sf exists iff 
5 25(1) + 1- SS(l) is invertible for some S(l). In this case 
We may conclude now that H: exists iff H~H~l) + In - HnH~l) is invert-
ible. In this case 
and equals H:f with respect to the transposition of matrices over F. 
3. 
Let Hm n be an m-by-n Hankel matrix over a field F, with no maximal 
rank p. Th~n [6] 
with P = (Po PI ... Pp 0 ... 0), peA) = Po + PIA + '" + PpAP is a 
characteristic polynomial of Hm n corresponding to the characteristic degree 
p, Ik+lp = UnIkp (k = O, ... ,'n - P - 2), and Un is the shift matrix 
(8i • j+ 1\ j=O, ... ,n-l· 
It follows from Theorem 1 in [13] that the Moore-Penrose inverse of H 
"',n 
exists with respect to an involution * iff (H:: n H m n + LL *) is invertible. In 
that case, , , 
If in particular m = n, then LTHn = HnL = 0 and it follows from Theo-
rem 2 in [13] that the group inverse of Hn exists iff LTL and H~ + 
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L(LTL)-‘Id” are invertible. In that case 
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H,b=H”[H,2+L(LTL)-1LT] = [H,2+L(mpq1H,. 
4. 
Let R be a ring with unity, involution a + Z, and the extended Rao 
condition (see [14]). Let H,,. be a noninvertible Hankel matrix over R with 
m,<n. H,,, h as a Moore-Penrose inverse over R with respect to the 
involution 
+: (Uij) + (iiij)’ 
iff 
where H,, H,, are respectively an invertible upper triangular and an invert- 
ible lower triangular Hankel matrix or the zero matrix. Moreover 
and H,,, will be Hankel iff H, and H, have at most one component 
different from zero. 
REMARK. If T,,, denotes an m-by-n Toeplitz matrix, then there exist 
Hankel matrices H,, n, H,&, n and permutation matrices J, and I,, such that 
T = J*H*,rl 
e%ys iff 
= H&_l,,. Since j, and ./, are invertible, it follows that T,,,, 
H m n exists with respect to any involution * for which .l,* = J,,,, 
I,* = _/,. This’ is the case for any involution on the matrices over a field, by 
the Skolem-Noether theorem, and clearly true for the involution + on 
matrices over Rao rings. Therefore 
T m,n = H?n,Jn = LH~,,~ 
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Finally, from Theorem 2 in [5] it follows that 
667 
and from Theorem 1 in [5], if Hz exists, then T," exists iff H,H~T, + I, - 
fZ,H~ is invertible. In that case 
Tz= T.(HmH~T,,+Z,,-H,,H~)-2. 
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